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Abstract 

We consider nontrivial finite energy traveling waves for the Landau-Lifshitz equation with easy- 
plane anisotropy. Our main result is the existence of a minimal energy for these traveling waves, 
in dimensions two, three and four. The proof relies on a priori estimates related with the theory of 
harmonic maps and the connection of the Landau-Lifshitz equation with the kernels appearing in 
the Gross-Pitaevskii equation. 

2010 Mathematics Subject Classification: 35J60, 35Q51, 37K40, 35B65, 58E20, 82D55 

Keywords and phrases: Landau-Lifshitz equation, Traveling waves, Minimal energy, Harmonic maps, 
Asymptotic behavior 

1 Introduction 

In this work we consider the Landau-Lifshitz equation 

d t m + m x (Am + Xm 3 e 3 ) = 0, m(i, x) £ § 2 , t € K, x £ R N , (1.1) 

where e 3 = (0, 0, 1), A 6 1 and to = (mi, ma, OT3). This equation was originally introduced by L. Landau 
and E. Lifshitz in [34J to describe the dynamics of magnetization in ferromagnetic materials. Here 
the parameter A takes into account the anisotropy of such material. More precisely, the value A = 
corresponds to the isotropic case, meanwhile A > and A < correspond to materials with an easy-axis 
and an easy-plane anisotropy, respectively (see |31[ 127] ). 

The isotropic case A = recovers the Schodinger map equation, which has been intensively studied 
due to its applications in several areas of physics and mathematics (see [HEED]). For A > 0, the existence 
of solitary waves periodic in time have been established in |22l 135] . Moreover, Pu and Guo [UJ showed 
that A is a necessary condition to the existence of these types of solutions. 

In this paper we are interested in the case of easy-plane anisotropy A < 0. By a scaling argument we 
can suppose from now on that A = — 1. Then the energy of (11.11) is given by 



E(m)= I e(m)dx=]- I (|Vto| 2 + mf) dx 



that it is formally conserved due to the Hamiltonian structure of (|l.ip . If to is smooth, by differentiating 
twice the condition |m(i,a;)| 2 = 1 we obtain to • Am = — |Vto| 2 , so that taking cross product of m and 
(jl.ip . we can recast (jl.ip as 

to x dtm — Am + |Vm| 2 TO — (m 3 e 3 — to 2 to). (1-2) 

Using formal developments and numerical simulations, Papanicolaou and Spathis [42 found in dimensions 
N 6 {2, 3} nonconstant finite energy traveling waves of (|1.2[) . propagating with speed c £ (0, 1) along the 
xi-axis, i.e. of the form 

m c (x, t) — u(x\ — ct, X2, • • ■ , Xn). 
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By substituting m c in (|1.2[) . the profile u satisfies 

- Ait = |Vm| 2 u + U3U - u 3 e 3 +ciix diu. (TW C ) 

Notice that if u satisfies QTW C D with speed c, so does —u with speed — c, therefore we can assume 
that c > 0. Also, we see that any constant in S 1 x {0} satisfies QTW C D , so that we refer to them as the 
trivial solutions. Since we are interested in finite energy solutions, the natural energy space to work in is 

£(R N ) = {v e Ll c {R N ;R 3 ) :Vv e L 2 (R N ), v 3 e L 2 (R N ), \v\ = 1 a.e. on R N }. 
1.1 The minimal energy 

Our main theorem is in the same spirit as the result proved by the author for the Gross-Pitaevskii 
equation in [TT] (see also [5]). Precisely, we show the existence of a minimal value for the energy for the 
nontrivial traveling waves. 

Theorem 1.1. Let N € {2,3,4}. There exists a universal constant > such that if u £ £(R N ) is 
a nontrivial solution of flTW e P with c G (0,1], satisfying in addition that u is uniformly continuous if 
N £ {3,4}, then 

E{u) > [i. (1.3) 

As noticed in [23] in dimension two, there is no smooth static solution of ( |TW e [ ), i.e. with speed 
c = 0. More generally, we obtain the following result for static waves. 

Proposition 1.2. Let N > 2. Assume that u € £{R N ) is a solution of JTW C D with c = 0. Suppose also 
that u is uniformly continuous if N > 3. Then u is a trivial solution. 

Theorem 11.11 shows that there are no small energy traveling wave solutions in dimensions two, three 
and four (assuming that they are uniformly continuous in dimensions three and four). This opens the 
door to have a scattering theory for equation (jl.ip with A = — 1, similarly to the theory developed for 
the Gross-Pitaevskii equation by Gustafson, Nakanishi and Tsai [2"U1 121] , 

The one-dimensional case is different. If N = 1, QTW C | ) is completely integrable and we can compute 
the solutions in £(R) explicitly. More precisely, 

Proposition 1.3. Let N = 1, c > and u e £(R) be solution of flTWJ . 
(i) If c > 1, then u is a trivial solution. 

(ii) If < c < 1 and u is nontrivial, then, up to invariances, u is given by 

ui = csech(-\/ 1 — c 2 x), U2 — tanh(\/ 1 — c 2 x), U3 = y 1 — c 2 sech(\/ 1 — c 2 x). 
Moreover, if < c < 1 , 

E(u) = -c 2 and E{p(u)) = 2 sin(p(u)/2), 
where p(u) denotes the momentum of u. 

We notice that equation ( |TW e | ) is invariant under translations and under the action of S 1 by a rotation 
around the e3-axis, that is if u = (iti, W2, ""3) is a solution of QTW C | ), so is 

(ui cos(ip) — U2 sm(ip), mi sin((p) + u 2 cos(ip),u 3 ), 

for any ip G R. Also, if u = (ui,U2,u 3 )(x) is a solution, so is u = (ux, — u 3 ){— x). These are the 
invariances that we refer to in Proposition 11.31 

We provide the proof of Proposition 11.31 in Section [6j as well as the precise definition of momentum. 
The relation E — 2 sin (p/ 2) is showed in Figure [T] In particular we note that there are solutions of 
small energy, but there is a maximum value for the energy and the momentum. We also remark that 
Proposition II .31 provides a solution with c = 0, meanwhile Proposition 11.21 states that this is not possible 
in the case N > 2. 



2 




Figure 1: Curve of energy £ as a function of the momentum p in the one-dimensional case. 



1.2 Prom Gross— Pitaevskii to Landau— Lifshitz 

The results of this paper have been motivated by the numerical simulations in [42], where the authors 
determine a branch of nontrivial solutions of QTW C | ), axisymmetric around the a;i-axis, for any speed 
c 6 (0,1) in dimensions two and three. They also conjecture that there is no nontrivial finite energy 
solution of QTWcD for c > 1. For c small, the existence of these traveling waves has been proved rigorously 
by Lin and Wei [35J . The branch of solutions is depicted in Figure [2J We see that the curve has a nonzero 
minimum, which represents the minimal energy in Theorem ll.il 



E = p 



c -> 



15 




/ c « 0.78 



no 



Figure 2: Curve of energy £asa function of the momentum p in the two-dimensional case. 

Some properties of the solutions found in [42] are very similar to those of the traveling waves for the 
Gross-Pitaevskii equation obtained numerically by Jones, Putterman and Roberts [2JJ] [25] and studied 
rigourously in [TJ[2][35]. In fact, if u is a solution of QTW C D , the stereographic variable 



til + IU2 

l + u 3 ' 



satisfies 



1 - M 2 
Aip + ] ^rip - icdtip 



2i/j 



;(V^) ! 



(1.4) 



1 + IVI 2 1 + IVI 2 

that seems like a perturbed equation for the traveling waves for the Gross-Pitaevskii equation, namely 

A* + (1 - I*! 2 )* - icdi^ = 0. (1.5) 
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However, other properties of the solutions are very different. For instance, the energy-momentum curve 
for the Gross-Pitaevskii equation tends to zero as the momentum goes to zero in the two-dimensional 
case, but there exists a minimal energy if TV > 3 (see [2J |TTj). 

From a mathematical point of view, (|1.4p is a quasilinear Schrodinger equation meanwhile (|1.5[) is 
a semilinear Schrodinger equation. Therefore, it is not clear how to relate both equations. One of the 
purposes of this paper is to clarify this connection, to show how to exploit the similarities between (jl.4p 
and (|1.5[) . and how to deal with the extra difficulties of equation QTW C | ). In particular, we will discuss the 
regularity of the solutions of QTW C P , some a priori bounds and their asymptotic behavior as |x| — > oo. 



1.3 Sketch of the proof of Theorem 11.11 

The starting point of our analysis is that for any solution u E £ (R ) of QTW C | ), there exists R = R(u) 
such that we have the lifting 

u ee u-i + iu 2 = ge ie , onB(0,R) c , (1.6) 



where g = ^u 2 + u\ = y/l - u\ and g,9 € H 1 ^^, R) c ) (see Lemma l2~4]) . Let X € C°° (R N ) be such 
that |x| < 1, X = 011 2R ) and X = 1 on B(0, 3i?) c , if R > 0. In the case that R = 0, we let x = 1 
on 1 N . In this way, we can assume that the function \Q and 

G=(G U ...,G N ) = Ul Vu 2 - u 2 V Ul ~ V( X 9), (1.7) 

is well-defined on M. N . For u = (141,1/2,^3), equation ( |TW C [ ) reads 

— Am — 2e(u)ui + c(u 2 diu 3 — u s diu 2 ) 7 (1.8) 

— Au 2 = 2e(u)u 2 + c(u s diui ~ mdiu 3 ) 7 (1.9) 

— Ait3 = 2e(it)it3 — 1/3 + c(uid\u 2 — u 2 d\Ui). (1-10) 

Then, using ((L8l) and (|1~9]) . 



div(G) = mAu 2 - u 2 Am - A(x0) 

= c(d lU3 - u 3 u ■ d lU ) - A( X 9) (1.11) 
= cd lU3 - A( X 9), 

where we used the fact that u ■ d\u = 0. By combining with (jl.101) . we obtain 

A 2 u 3 - Au 3 + c 2 df 1 u 3 = -AF + cdi(divG), on R N . (1.12) 
At this point we remark that the differential operator 

A 2 - A + c 2 d 2 n 

is elliptic if and only if c < 1, which shows that c = 1 is a critical value for the equation flTW c p . 
Taking Fourier transform in (|1.12p , we get 

N 

d?i 4 + \e - c 2 n) mo = \em - r^x,c,[o. (1.13) 

and hence 

« 3 (0 = £c(0 {f{0 - c E c |f - (1-14) 

where 

kl 2 



Equivalently, we can write (|1.14|) as the convolution equation 

N 

u 3 = £ c *F-cJ2£c, j *G j , (1.15) 
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where C c = L c and 

M 

kl 4 + iei 2 -' J C7 
Similarly, from (fl~TT|) and (fl~T4ll . for j G {1, . . . , N}, 



Lc 'i ~ lf|4 , \C\2 _ n 2f2- ( L16 ) 



N N 



dj{ X 8) = cL cd *F-c 2 J2 Tc,j,k *G k -J2 n i,k * G k , (1.17) 
fe=i fc=i 

where 

'^- m ^ + le _^ f) and K,, k - |c|2 , 

for all j,fcG {l,...,iV}. 

The kernels C c , C c j, 7Zj,k and 7~ c ,j,k are the same as those appearing in the Gross-Pitaevskii equation 
(|1.5p . As a consequence, all the properties valid for the (II .5[) depending only in the structure of these 
kernels, can be transfer to the Landau-Lifshitz equation. For instance, the asymptotic behavior theory 
developed in [TBI HH HIE] can be applied, after proving some algebraic decay of the solutions. We provide 
a precise statement in Theorem ll.6l at the end of this introduction. 

Roughly speaking, the principle used to find a minimal energy for the traveling waves of (jl.5|l in 
[21 [TT] , written in the context of the equation flTW e D , is that on one hand a convolution equation such as 
(|1.15[) should imply that 

IKUlp < C(\\u\\ wk , q )E(u)\ (El) 

for some q, k G N, and 7 > 0. On the other hand, using (jl.81) . (|1.9[) . p.lOp and integrating by parts one 
should get an a priori bound for the energy of the form: 

E(u)<C(\\u\\ wt , r )\\u 3 \\i P , (E2) 

for some £,r G N, and S > 0. By putting together (|ET|) and (|E2l) . 

E(u) < C(\\u\\ W i, r )C(\\u\\ wk , P ) s E(u)^. 

Notice that we can assume that E{u) > because u is not constant. If 7<5 > 1 and if 

C(\\u\\ w t, r )C(\\u\\ wk , P ) s < M, (E3) 

for some constant M independent of u and c, we can conclude that 

1 



ny < E{u) 



so that we have the existence of a minimal energy. 

In conclusion, we have reduced the proof of Theorem 1 1.1 1 to the proof of the estimates (|E1[) . (|E2[) and 
(|E3|) . for some 7, 8 > such that 7$ > 1. 



1.3.1 Estimate (|E3|) and regularity of traveling waves 

Let us consider the quasilinear elliptic system, 

Am = f(x, u, Vu), in f2, 
where Q is a smooth domain and / is a smooth function with quadratic growth 

\f(x,z,p)\ < A + B\p\ 2 . 

We notice that the square-gradient term prevents us from invoking the usual elliptic regularity esti- 
mates. However, well-known regularity results imply that every continuous solution in -ff 1 ^) belongs to 
^lo'c(^) n ^loc(^) ( see [H G2 [30]), but in general we do not have nice a priori estimates such as in 
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the irregularity theory because the i? lo ' c (f2)-norm depends on the modulus of continuity of the u. To 
exemplify this point, let us consider the harmonic map equation 

-Av = \Vv\ 2 v, in fi, ii e S 2 . (1.18) 

Let = R N , TV > 2, and assume that there exists C\, C2, ct > such that 

IIVwIU-^ < Ci + (hWVvWZtpsy (1.19) 

Note that II 

^^Hl 2 (k n ) * s ^ e ener Sy associated to (|1.18p . Since the function v\(x) — v(Xx), A > 0, also 
solves (|1.18p . we conclude that v\ satisfies (|1 . 19[) . but this implies 

ifr ° 2 

A V A Q ( Ar - 2 )/ 2 



Vi;lU-c*)< T Ci+ Xa(N \ /2 \\Vv\\Z H 



Then, letting A — > 00, we deduce that v is constant. Therefore an estimate such as (|1.19|) does not hold for 
(|1.18p and probably neither for QTW c p . This a big difference with the semilinear equation (|1.5p . Indeed, 
if * is a solution of (|1.5j) . then (see [T3"ll2"]) 

||*Hc*(R") < C(c,k,N). 

In dimension TV = 2, Helein |241l2"5] proved that any finite energy solution of (|1.18p is continuous and 
therefore smooth. In dimension TV > 3, this result if false. In fact, if TV > 3, v(x) — x/\x\ is a discontinuous 
finite energy solution and Riviere [55] proved that (|1.18p has almost everywhere discontinuous solutions 
with finite energy. 

For these reasons, we need to treat differently the cases TV — 2 and TV > 3. In any case, we establish 
in Section [5] a bound of || Vm|| j,qo(rjv) in terms of the energy, provided that the energy is small enough. 

Proposition 1.4. Letc>0 and ue£(R 2 ) be a solution of (TVQ . Then u 6 C°°(K 2 ), 113 6 LP(R 2 ) for 
all p £ [2, 00} and V« £ W k ' p (M. 2 ) for all k G N and p G [2, 00]. Moreover, there exist constants £0 > 
and K > 0, independent of u and c, such that 

\\u 3 \\ L ^ m <K(l + c)E{u) 1 ' 2 , (1.20) 

||Vu|| L » (R2) ^(l + c)^) 1 / 4 , (1.21) 

provided that E(u) < e$. 

Denoting by UC(M. N ) the set of uniformly continuous functions, in the higher dimensional case, we 
have 

Proposition 1.5. Let N > 3, c > and u E £(R N ) n UC(R N ) be a solution of ^TVQ . Then u E 
C oc '{R N ) and Vu E W k ' p (R N ) for all k E N and p E [2, 00]. Moreover, if N E {3,4} and c E [0,1], there 
exist eo,K,a > 0, independent of u and c, such that 

||U3|U~(R") < KE(u) a , (1.22) 
IIVuIU-^) < KE(u) a , (1.23) 

provided that E(u) < e$. 

As we will show, Propositions II .41 and 11.51 will be enough to get the universal constant M in estimate 
(|E3p . The proof of Proposition Q~3] is the only point of the paper where the condition N < 4 is used. It 
is straightforward to verify that if the estimates (|1.22p and (jl.23p are satisfy for some dimension TV, then 
Theorem HH holds for this N. 

1.3.2 Estimates JET) and (|E2]l 

In order to prove Theorem ll.il we can assume that E(u) is small. Then, by (jl.20p and (jl.22p . we only 
need to prove (|Eip and (|E2|) for traveling waves such that 1 1 ^3 1| < 1/2. 

In Section [31 we will prove that estimate (|E1[> holds with p = 4, 7 = 1 if JV = 2, p = 2, 7 = 2 2 (n-i) 
if 7V > 3, and k = 1, q = 00 in both cases. The main element in the proof is the study of the Fourier 
multiplier C c done by the author in [TT| if TV > 3 and by Chiron and Maris [7] if TV = 2. 

Sections 2] and [5] are devoted to establish some Pohozaev identities and a priori bounds that allow us 
to obtain estimate (|E2|) . More precisely, under the condition 1 1 1*3 1 1 < 1/2, we show that 

E(u)<K\\u 3 \\ s LP , 

with p = 4, 8 = 4 if TV = 2, and p = 2, S = 2 if TV > 3. 
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1.4 Asymptotic behavior at infinity 

As remarked before, the arguments given by Gravejat in |16[ [TB] apply to (| 1 . 1 5[) and (|1.17p , since they 
rely mainly on the structure of the kernels. This allows to establish the precise limit at infinity of the 
finite energy solutions of JTW e P . 

Theorem 1.6. Let N > 2 and c G (0,1). Assume that u £ £(R. N ) is a solution of ( |TW C D . Suppose 
further that u £ UC (R N ) ifN > 3 . Then there exist a constant Aco £ C of modulus one and two functions 
^00,^3,00 £ C^S^" 1 ;!^) such that 



\x\ n - L (u(x) - A^) - iX^ii^ ^— J -> 0, (1.24) 
\x\ N u 3 (x) - u 3>00 ( ^) -> 0, (1.25) 



uniformly as \x\ oo. Moreover, assuming without loss of generality that Aoo = 1, we /icwe 

^ ^+E , f^W * (1-26) 



(l-c 2 +cV?)* ^ (l-c 2 + c 2 af)^ 



u 3 , x {a) = ac - jv ~- 2 ,m+2 -Z^^'Ti 2 , 2 2 x£±2 ' (L27) 

y (f - c 2 + c 2 af) 2 (1 - c 2 + c?o{) 2 y (1 - c ? + c 2 a{) 2 



where a — (ax, . . . , oat) G § 

'JV 



JV-1 



^d-c 2 )-(2c/ 

27T 2 \ J R / 



e(u)u 3 dx — (f — c 2 ) / Gi(x)dx 



and 



/3i = -^r^(l-c 2 )^ 1 / G^dx. 

27T 2 Jrn 

In particular, since the solutions found in |35| are uniformly continuous, Theorem 1 1 . 61 applies to those 
solutions. For the sake of completeness we sketch the proof of Theorem II .61 in Section [7] 



Notations. We use the standard notations "•" and "x" for the inner and cross product, respectively. 

For y £ R N and r > 0, B(y, r) or B r {y) denote the open ball of center y and radius r (which is empty 
for r = 0). In the case that there is no confusion, we simply put B r . 

Given x — (xi,x 2 ), / : R 2 — > R 2 , / = (fi,fa), we set x 1 - = (— x 2 ,xi), and curl(/) = d\f 2 — d 2 fi- We 
also use the skew gradient V 1 = (— d 2 , di). 

For a function g : M. e — > R 3 , g — (51,52,53), we define g as the complex- valued function g — gi + ig 2 - 
We identify Vg with the matrix in R^' 3 whose columns are V51, V52 and V53. 

Let A = [Ax I A 2 \ A 3 ] and A = [A x | A 2 \ A 3 ] be two matrices in R £ - 3 , then 

3 

A : A = 22 Aj ■ Aj , 

and for any vector b £ R 3 , A. b £ R 3 . denotes the standard matrix- vector product. 
F(f) or / stand for the Fourier transform of /, namely 

Hf)(0 = f(0= I f(x)e-^dx. 

Js. N 

We also adopt the standard notation K{-, ■, . . . ) to represent a generic constant that depends only on 
each of its arguments. 
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2 Estimates for ||w3||£°°(RiV) and || Vw||x°°(M iV ) 

In this section we use some of the elements developed to the study of the harmonic map equation. In 
particular, the next lemma is a consequence of the Wente lemma [49, 6, 48J and Helein's trick [2~H 125j . 

Lemma 2.1. Let fl C K 2 be a smooth bounded domain and g £ L 2 (fl). Assume that u £ _ff 1 (r2,§ 2 ) 
satisfies 

- Au = \Vu\ 2 u + g, inn. (2.1) 
Let r > and x £ such that B(x. r) C £}. Then for any i £ {1, 2, 3} we have 

osc Ui <K[ram{\\Vu\\ L 2 {B{ r)) , ||m 1 ||l~(sb,.)} + l|Vu||i» (B(a; }) 

B(x,r/2) V (22) 

+ '"ll5 , l|L2(B(x/r))(l + ||Vu||i2(B(x,r))) 

/or some universal constant K > 0. In particular u £ C(f2). Moreover, if the trace of u on dfl belongs to 
C(dQ), then u £ C(O) and 

IMU~(n) < lkilU~(an)+^(0)(||Vu||| 2(n) + || 5 |U 2(n) (l + ||Vu|U= (fi) )), (2.3) 

/or some constant K(fl) depending only on fl. 

Proof. As for the standard harmonic maps, we recast (|2.1[) as 

3 

- Am = Vjj ■ Vuj + gj, in f2, i = 1, 2, 3, (2.4) 

i=i 

where t>jj = u^Uj — UjVui. Then 

div(ujj) = Ujgi - Uigj and || dW(vij)\\ L a^ < 2\\g\\ L 2^ n y (2.5) 
Let us consider hij £ H 2 (fl) the solution of 



Ahij = div(vij), in fi, 
/ijj = 0, on dfl. 



(2.6) 



Thus 

||V7ii j3 '||i3(n) < || || L 2 (n) < 2||Vit||iJ(n). (2.7) 

Since div(vij — Vhij) = 0, with Vij — V/ii,j £ L 2 (fl), there exists ii>jj £ 7? 1 (17) (see e.g. |15[ Thm 2.9]) 
such that 

Viij = Vh it j + V^Wij, in Q. (2.8) 
Now we decompose u as itj = 0, + ipi + where 4>i,(pi, ipi are the solutions of the equations 

f-A* = 0. inC/, 
= Uj, on 9f7, 

I -AiySj = V/ij : Vu + 5,, in {/, ^ 
1 </?i = 0, on dU, 

f-A^ = V X W; : Vu, in (7, 

where V/i^ = [V/i^i | V/ij,2 I V/11,3], V^w^ = [V My | V^w,^ | V^w,^], and {/ is an open smooth domain 
such that B r C {/ C f2. We now prove (|2.2p for r = 1, supposing that B\ C {/, since then (|2.2I) follows 
from a scaling argument. First, invoking Theorem lA.il we have that 



osc Si < K mm 



B 



1/2 



{||V^i|| L 2 (B2/3) , ||^|| L 2 (B2/3) | . (2.12) 
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Also, some standard computations and the maximum principle yield 

||V^i||i3(t7) < ||V«i||i3(t7) and ||0;|Uoo (c/ ) < |M| L ~(c>(y)- (2.13) 
Thus from (j2~T2l and ([2TT5]) we conclude that 

osc fa < Jsrmin{||VM i || L 2 ( ; 7) , ||ui||L=(ac/)} • (2-14) 

Bl/2 

For ifi, Theorem IA. 21 gives 

fxctpi < K(\\Vh ■ Vu\\ L3/2{Bl) + \\g\\ L 2 {Bl) ). (2.15) 

To estimate the first term in the r.h.s. of f|2 . 15[> . we use the Holder inequality 

\\Vhi : V«|| L 8/» (Bl ) < l|V^|| L6(Bl) ||V W || L 2 (Bl) , (2.16) 
and the Sobolev embedding theorem 

||Vft|| z a (Bl) < K(\\Vh\\ L 2 {Bl) + ||I? 2 ^|| L2(Bl) ). (2.17) 
By using (|2~51) . ([2TT5) . (l2~Tp]l . (|2T7)) and ^-regularity estimates for we are led to 

osc<pi < K\\g\\ L 2 (Bl) {\ + ||VM||i2 (Bl) ). (2.18) 

Similarly, since W 2,P (U) C(U), for all p > 1, we also have 

\\<Pi\\c{0) < K{U)\\g\\ L 2 (U) {l + \\Vu\\ L 2 {u)) ). (2.19) 
To estimate fa we invoke the Wente estimate (see [IS], [25]). so that 

Ui\\c{U) +osc^ < tfllVifllli^HVulli^tf) < #||Vu||£ a(l0 , (2.20) 

where we have used (I2.7[) and (|2.8[) for the last inequality. 

Therefore, taking U = B x and putting together ([2TT4]) . (|2~HS)) and (12~2"0)) . we conclude (|2~2")l with r = 1. 

If the trace of u on dft belongs to C(dft), we take SI = U and then from (|2.9[) we deduce that 
4 G C 2 (fi)nC(0). Since (p u fa G C(fi), we conclude that G C(fi) and fl£3J follows from (f^T5|> . 
and (|2"^0j) . □ 

Lemma 2.2. Lei j/ G M 2 , r > and £? r = B(y,r). Assume that u G H 1 (B r ,S 2 ) satisfies 

- Au = \Vu\ 2 u + f(x,u(x), Vu(x)), in B r , (2.21) 

where f is a continuous function such that \ f(x, z,p)\ < C± + C2|p|; /or some constants C\,Ci > 0, /or 
a.e. a; G B r , z G R 3 , p G R 3x3 . Suppose that 

AsA{v)s ^s^fi2i±m<^ (2 . 22) 

1—3 oscb it 32 



T/ien 

|2 

'"r/2 



\\D 2 u\\ L 2 {Br/2) + ||V«|| 2 L4(Br/2) < Kr- 1 (||Vn|| i2(Br) + \\g\\ L * [Br) ) , (2.23) 



where g(x) — f(x,u(x),\7u(x)). Assume further that f{x,z,p) = f(x) + Rf(x, z,p), for some continuous 
functions f, Rf, such that \Rf(x,z,p)\ < C 3 |p| ^ for some constant C3 > 0, for a.e. x G B r , z G R 3 , 
p G M 3x3 . Then, 

||Vtt||i- ( B r/4 ) ^ifr-iVnlU,^) + Kr- 2 ^(\\Vu\\ 2 L2{Br) {r- 2 + r^' 3 ) + \\g\\ 2 L2{Br) 

. (2.24) 
+ ||/|U»( Br ) + C' 3 r-V3|| V ^||V3^ ) (|| Vw ||i/3^ + | Lo ||V 2 3 Br) )), 

where K is some universal constant. 
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Proof. As mentioned before, Lemma 12.11 and the quadratic growth of the r.h.s. of (|2.2ip imply that 
u G H-,' (CI). In fact, this could be seen by repeating the following arguments with finite differences 
instead of weak derivatives. As standard in the analysis of this type of equations, we let p £ (0, r) and 
xeCF(B r ), with x(a:) = 1 if |z| < p, 

|X|<1 and \V X \<K/(r-p), on B r . (2.25) 

Then setting r\ = x|Vu|, taking inner product in (|2.ip with (u — u(xq))t] 2 and integrating by parts we 
obtain 

|Vw|V + 2 / (Vu.(u-u(x )))-(r]Vr)) = / |Vu| 2 u • (u - u(x ))rf + / rfg ■ (u - u(x Q )). (2.26) 

B r JB r JB r JB r 

Then, using the elementary inequality 2ab < a 2 + b 2 , 

\i] 2 g- (u-u(x ))\ <V 2 {Ci +C 2 |Vu|)osc(u) < Ciry 2 osc(u) + 

r, 2 \Vu\ 2 osc(u) + -Cfr? 2 osc(u). 

In a similar fashion, we estimate the remaining terms in (|2.26p . Then, using the Poincare inequality 

v 

h\\mB r ) < — ||v??||L=(B r ), 

Jo 

where jo ~ 2.4048 is the first zero of the Bessel function, and that |u| = 1, we conclude that 

|v.|V < 0SC ^ u(1 + r2(Cl + c|)) / |v,| 2 , 



1—3 OSCB r u 

where we bounded 1/jo and 1/(4j'q) by 1 to simplify the estimate. Thus, 

f \Vu\\ 2 <A( (|£ 2 U |V + |V U | 2 |V X | 2 )). (2.27) 

J B r J B r 

On the other hand, taking inner product in (|2.21[) with du(x 2 dku), integrating by parts and summing 
over k = 1, 2, we have 

-/ X 2 \D 2 u\ 2 -2 I djkuadjxdkUi = I d Vw lV + sOPxVxVuj + x 2 Au,)- 

JB r ie{i,2} jBr %e{i,2} Br 

j,fee{i,2,3} 

(2.28) 

Using again the inequalities 2ab < ea 2 + b 2 /e and ab < ea 2 + b 2 /4e, we are led to 

J X 2 \D 2 u\ 2 < J ((2 + e-^lVuHVxl 2 + (1 + 4 £ - 1 )|V U | \ 2 + (1 + 4 £ - 1 )xVl)) . (2.29) 

Then, minimizing with respect to e, it follows that 

/ X 2 \D 2 u\ 2 < 16 f (|V U | 2 |V X | 2 + |Vu|V + X 2 |ff 2 |)- (2-30) 

JB r J B r 

By combining (j2~231) . (j2~2"7) and ({2~50"]l . we infer that 

J v " |ls T^(<^/^«' 2 + /j4 (2 ' 31) 

Taking p = r/2 and using that A < 1/32, (|2T2"3"f follows. 
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Now we decompose u as = <pi + ipi , where 

f-A«fc=0, inS r/2 , 
[<?!>i = Ui, on 9B r / 2 , 

f-AV'i = |Vu| 2 u t + /j + (R f (x,u, Vu))i, in B r/2 , , 2 ^ 

[Vi = 0, on 9B r/2 , 

Since 0j is a harmonic function, 

||V^||^( Br/4 ) < ifr-^V^H^^), 

so that using also (|2.13p , we obtain the estimate 

||V0<|U»(B r/4 ) < Jfr-^lVuilU^B^,). (2.35) 

For we recall that using the L p -regularity theory for the Laplacian and a scaling argument, the solution 
v G Hq(Br) of the equation — Aw = h satisfies 

||Vt;|Uoo (BR) < K(p)R 1 ^ p \\h\\ LP(Bll) , for all p > 2. 

Applying this estimate with p — 3 to (|2.34p , we get 

L 3 (B r/2 ) + Cs\\ Vu|| L 3( Sr/2 ) J . (2.36) 

Also, by the Sobolev embedding theorem, we have 

\\Vu\\ L e [Br/2) < K (\\D 2 u\\ LHBr/2) + r- 2 / 3 ||V U || L2(Bi . /2) ) . (2.37) 
Therefore, by putting together (|2.23[) . (|2.35p . (|2.36p . (|2.37p and the interpolation inequality 

||Vu||is ( B r/2 ) < IIVull^B^^IIVuH^^j, 
we deduce (|2~2"4"1) . □ 
Now we turn back to equation flTW c | ). By setting 



E Xtr (u) = I e{u), 

JB(x,r) 



we obtain the following result. 



Corollary 2.3. There exist Eq > and a positive constant K(eq), such that for any c > and any 
u G £(M 2 ) solution of flTW e | ) satisfying 

E Xir (u) < Eq, 

for some i£R 2 and r 6 (0, 1], we have 

osc u < K(s )(l + c)E x . r {u) 1/2 i (2.38) 

B(x,r/2) 

||V«|U- (fl ( X)r/4)) < K(e )(l + c)E Xtr (u) 1/4 r~ 2 / 3 . (2.39) 
In particular, if E(u) < Eq, then (|1.20p and (jl.2ip hold. 

Proof. Estimates (|2.38p and (|2.39p follow from Lemmas 12.11 and 12.21 Then, taking r = 1, we conclude 
that (TOTj) holds. Now we turn to (TOO)) . For any y e R 2 we have 

2E(u) > ui > - min |w 3 | 2 . (2.40) 

" Jb(v.1/2) ~ 4 fl( W) l/2) 



On the other hand, by Lemma \'2.1l 



max lusl < osc u-i + min \ua\ < K(l + c)E(u) 1 ^ 2 + min |u 3 |. (2.41) 

Bft/,1/2) 1 '-B( v ,l/2) B(B,l/2)' '~ B(j,,l/2) 

By combining (pHOI and (E3B), we are led to (fl~2H)| . □ 
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Proof of Proposition ] Since u has finite energy, for every e > 0, there exists p > such that for all 

y G M 2 

E ViP (u) < e. (2.42) 

In fact, since e(u) G L 1 (]R 2 ), by Lemma |A.3| for every e > we can decompose e(u) — e\ e {u) + e2 e (ti) 
such that 

||ei, e (u)|| L i( K 2) < e/2 and ||e 2 , e (u)|| i oo( R 2 ) < # e , 
for some constant K £ . Then for any y G M 2 , 

l|e 2 ,e(u)||Li(S(y,p)) ^ #e7T/) 2 . 

Taking 




we obtain (|2.42[) , Thus, invoking Corollary [221 with e — Eq and r = min{l,p}, we conclude that 

||Vu||£-( B ( B ,r/4)) < K(e )(l + c)E{u) 1 /\ for all y G K 2 . 

Therefore u G VT 1,0o (M 2 ), with || Vu||.koo (ffi2) < if (e )(l + c)E{u) 1 / i . Differentiating fTW^, we find that 
v = djU. j = 1, 2, satisfies 

L\(v) = —Av — 2(Vu : Vv)u — c(u x + \v = \\7u\ 2 v + 2113V3U + u^v — v^e^ + c(v x d\u) + Xv, 

in R 2 . Since Vw G L 00 !* 2 ) n L 2 (E 2 ), we deduce that the r.h.s. of the formula above belongs to L 2 (R 2 ). 
Therefore taking A > large enough, we can invoke the elliptic regularity theory for linear systems and 
deduce that v G W 2 ' 2 (M. 2 ). Then, by the Sobolev embedding theorem, D 2 u G L P (R 2 ), for all p G [2, 00) 
and a bootstrap argument allows us to conclude that Vu G W k,p (R 2 ) for all k G N and p G [2, 00]. 

The estimates PT2H)) and (|T2T|) are given by Corollary [£31 □ 

Proposition [T31 shows that U3 is uniformly continuous, so that Ua(x) — > 0, as \x\ — > 00. In particular 
u belongs to the space E {R 2 ), where 

£(R N ) = {v G £(R N ) :3R>0 s.t. |HU- (s(0 ,R))e) < !}• 

In the case N > 3, we always suppose that u G £ (R N )C\UC(R ) and then it is immediate that u G f (K ). 
Now we recall a well-known result (see e.g. [371 Proposition 2.5]) that provides the existence of the lifting 
for any function in £{R N ). 

Lemma 2.4. Let N > 2 and v G £(R N ). Then there exists R > such that v admits the lifting 

v(x) = g{x)e i6{x \ onB(0,R) c , (2.43) 

where g = yl — v$ and 9 is a real-valued function. Moreover, g,9 G Hy oc (B(0, R) c ) and Vg,V6 G 
L 2 (B(0,Ry)). 

Corollary 2.5. Lef c > and tt G £(K 2 ) be a solution of QTW C | ). T/ien t/iere is R > such that the 
lifting u(x) = g(x)e l( >^ holds on B(0,R) c and satisfies Vg,V6> G W k > p (B(0, R) c ) for any k > 2 and 
p G [2,oo]. Moreover, there exists a constant e(c) > 0, depending only on c, such that if E{u) < e(c), 
then we can take R = 0. 

Proof. By Proposition 11.41 u G £(R 2 ) and then Lemma [2.41 gives us the existence of the lifting, whose 
properties follow from Proposition 11.41 and the identity 

|Vu| 2 = g 2 \V9\ 2 + \Vg\ 2 , on B(0, Rf, (2.44) 

noticing that 1 — ||w3|| 2 oo(£(o m°) ~ m ^{B( x ) 2 '■ x S B(0, R) c } > 0. The last assertion is an immediate 
consequence of (|1.20[) . □ 

In the case N > 3, some regularity for the solutions of the equation (|2.1[) can be obtained considering 
that u is a stationary solution in the sense introduced by R. Moser in [39|. 
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Definition 2.6. Let ft C be a smooth bounded domain and g £ L p (f2;R 3 ). A solution u £ i? 1 (r2;§ 2 ) 
of (12. ip is called stationary i/ 

div(|Vu| 2 e,- - 2Vu.d 3 u) = 2djU ■ g, in O, (2.45) 

/or aZ? j € {1, . . . , N} in the distributional sense. 

If we suppose that u is a smooth solution of (|2.1[) , then 

div(|Vu| 2 ej — 2Vu.dju) = —2Au ■ djU — 2g ■ djU, 

so it is a stationary solution. However not every solution u £ i? 1 (i7;S 2 ) of (|2.ip satisfies (|2.45p . The 
advantage of stationary solutions is that they satisfy a monotonicity formula that allows to generalize some 
standard results for harmonic maps. However, when g belongs only to L 2 (f2), the regularity estimates 
hold only for N < 4. 

Lemma 2.7 Q39J). Let N < 4 and y £ R N . Assume that u £ H 1 {B{y,l);S 2 ) n W 1A (B(y, 1)) is a 
stationary solution of (|2.ip . with Q, — B(y, 1) and g £ L 2 (B(y, 1)). Then there exist K > and Eq > 0, 
depending only on N, such that if 

\\Vu\\L*(B(y,l)) + |b||^(B(j,,l)) = £ < £ 0, 

we have 

l|Vu|| L 4 (Bfe l/4)) < Ke'. 

Applying this result to equation QTW C | ), we are led to the following estimate. 

Lemma 2.8. Let N < 4. There exist K > and e$ > 0, depending only on N, such that for any solution 
u £ £(R N ) n C°°(R N ) of ( [TW^ ) ; with c £ [0, 1], satisfying E(u) < e , we have 

\\Vu\\ LHB{x>1)) < KE{ufl 2 . 

Now we are in position to complete the regularity result in higher dimensions stated in the introduc- 
tion. 



Proof of Proposition \TJjj Recalling again a classical results for elliptic systems with quadratic growth 
(see [5Jin3[3n]), u £ UC(R N ) yields that u £ C°°(R N ). This is due to the fact that now we are assuming 
that u is uniformly continuous and then we can choose r > small such that the oscillation of u on the 
ball B(y, r) is small, uniformly in y. Then we can make the quantity A(u, r) defined in (|2.22p as small as 
needed and repeat the first part of the proof of Lemma 12.21 to conclude that for all y £ M. N 

\\D 2 u\\ L 2 {B{ytr/2)) + ||Vti||i,4 (1 j (3/ir/ 2)) < K (N)r- 1 (\\Vu\\ L 2 (B ( Vir)) + ||u 3 ||z,2 (s( ^ r)) ) , (2.46) 

for some constant K(N) and r > small enough, independent of y. At this stage we note that we cannot 
follow the rest of the argument of Lemma l2.21 since it relies on the two-dimensional Sobolev embeddings. 
However, it is well-known that using igTlp it is possible to deduce that Vu £ L P (R N ), for all p > 2. 
More precisely, as discussed before, there exists r £ (0, 1] such that 

osc u < — -4— — -, for all y £ R N . (2.47) 

B(y,2»r) ~ 8(1 + c)(2AT - 1) ' W V ' 



Then, by iterating Lemma lA.51 we have 

/ |V W | 2W+2 <^(iV)(l + C ) 2Ar ^, for all y £ R N . (2.48) 

JB(y,r) r 

By proceeding as in the proof of Lemma 12.21 we decompose Ui as Ui = <f>i + ipi, where 

0, in B(y,r), 
on dB{y, r), 
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J -Atpi = \Vu\ 2 Ui + ujui - 5^ 3 u 3 + cux d\u, in B{y, r), 
\^i = Q, on dB{y, r). 

In view of (|2.48[) . elliptic regularity estimates imply that £ VF 2,7V+1 (i?(y, r)) and then by the Sobolev 
embedding theorem we can establish an upper bound for || ^^pi\\L a °(B(y,r)) m terms of powers of E(u). 
Since 4>i is a harmonic function, we obtain a similar estimate for (fn as in the proof of Lemma l2.24l Then 
we conclude that Vu £ L°°(M. N ), so that, by interpolation, Vu £ L P (R N ), for all p £ [2, oo]. Proceeding 
as in the proof of Proposition [T31 we conclude that Vu £ W k,p (M. N ), for all k £ N and p £ [2, oo]. 

Now we turn to (| 1 . 22[) and (| 1 . 23[) . Let us first take N — 3 and £o given by Lemma 12.81 such that 
E(u) < £o- Then, by the Morrey inequality, 

osc u < K\\\7u\\ L 4 {B{y 1)} < KE(u) 1/2 , (2.49) 

-B(2/,l/2) 

for all y £ R 3 and for all c £ [0, 1]. Taking £q smaller if necessary, (|2.47[) holds with r = 1/16 and then 
so it does (|2.48p (with r = 1/16). Hence the previous computations give a bound for Vu £ L°°(R 3 ) 
depending only on E(u), which yields (|1.23[) . 

In order to prove (|1.22p . we estimate the minimum of \us\ on B(y, 1/2) as in (|2.40p . and using (|2.49p 
we conclude that 

max \u 3 \ < KE(u) 1/2 : 

which implies ()1.22p . 

It only remains to consider the case N = 4. Note that the r.h.s. of (|2.47p is less than or equal to 
1/112, for c £ [0, 1]. Let > be the maximal radius given by the uniform continuity of u for this value, 
i.e. 

r* = sup{p > : yx,z £ tt 4 , \x - z\ < p \u{x) - u(z)\ < 1/112} . (2.50) 

We claim that > 1/2 for Eo small. Arguing by contradiction, we suppose that < < 1/2. Since 
(|A.2p is satisfied for any y £ M 4 , with r = and s = 2, Lemma [A. 51 implies that 

6 / o I -i 16 \ ||V7„.I|4 



\\^ U \\ L0(B(y, r,/2)) < 8 ( 1 + ~2 j 1 1 V "l I L*(B(y ,r, )) • 

Since < < 1/2, the Morrey inequality implies that 

i I / 16\ s a i 

°f * < Kir.?\\Vu\\ L6{B(y ^ /2)) < K 2 rS f 1 + ^-J ||Vu||£ 4(1J(l/>r0) < K 3 E(u)^ (2.51) 

where we have used Lemma 12.81 for the last inequality and K 3 > is a universal constant. Finally we 
notice that there exists a universal constant £ £ N such that for any i£l 4 , there is a collection of points 
yi, ?/2, ■ ■ • , yi S K 4 such that 



osc u < 7 osc u. 

B(x,2r„) ^B(8/ fe ,r,/4) 

Thus, using (|2.5ip . oscB^r*) m < £K 3 E(u)^ . Taking e < l/(112£K 3 ) 3 , we get that oscB( x ,2r,) < 1/H2, 
which contradicts the definition of r*. Therefore, oscs( x .i/2) u < 1/112, for all x £ R 4 . Moreover, the 
same argument shows that 

osc u < KE(u) 1/3 , for all »el 4 , 

B(j/,l/8) " 

and then (fl~2"2l and (Ti~2"3")) follow as before. □ 



3 Properties related to the kernels and the convolution equations 

Through this section, we fix u £ £(R N ) n UC(R N ) a solution of flTW^ ) for a speed c £ [0, 1]. We also 
use the notation introduced in Subsection 11.31 
We start recalling the following result for L c . 
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Lemma 3.1. For any c £ (0, 1], we have 

\\Lj\\ Li/3[m < 11||/||li(r 2 ), (3.1) 



and 



\\L c f\\ L 2 (MN) <K(N)\\f\\ , ifN>3. (3.2) 

v ' L 2JV +3 (R«) 



Proof. By the Plancherel identity, the estimate (|3.2|l is exactly [111 Lemma 4.3]. To prove Q3.ip . we note 
that 

II^c/||l4/3( R 2) < ||i C ||L 4 /3(R2)||/||l,°=(R2) < 1 1 L c \ | £ 4/3 (R2 ) 1 1 / 1 1 L l (R2 ) . 

Then it only remains to compute ||L c || i 4/3( R 2\. Using polar coordinates, we have 



L c tJ*, = 4 / / ^— - n - = 6 



00 rdedr r */2 de 



C|li4/3 ( R2 ) Jo Jo (r 2 + l-c 2 cos 2 ((9)) 4 /3 Jo (1 - c 2 cos 2 (6»)) 1 /3 

r /2 de r' 2 de /i i\ 

<6/ r, —^777 =6/ -^— = 35 -,- , 



(3.3) 



/o (l-COS 2 (^))l/3 7 sin 2/3 ( 0) ^ 6 ' 2< 

where i? denotes the Beta function. Using that B(x, y) = T(x)T(y)/T(x + y), we conclude that 

/ r(i/6)r(i/2) \ 3/4 

||ic|| L 4 /3(R2) < ^3 r(2/3) J <11. 



(3.4) 



From (03]) and flS!}, (ED) follows. □ 



Now we are able to prove the exact form of estimate (IE1[) stated in the introduction and also further 
integrability for 113. 

Proposition 3.2. Let N > 2 anrfce (0,1). Then u 3 e L p (R N ), for all p £ (1,2). Moreover, i/cG (0,1] 
and ||w3|]loo(rn) < 1/2, we have 

IKIU*(R a ) < 54||u 3 || L o 0(R iv ) £ , (u), (3.5) 

and 

/ 2JV-5 \ 2JV + 3 

||« 3 ||l»(r^<-K'W||«3||l-.(r^ \l + \\Vu\fi^AE{u)*^, if TV > 3. (3.6) 

Proof. Let us recall that by Propositions 11.41 and 11.51 and noticing that 

G = -ujve, on B(0, 3i?) c , (3.7) 

we infer that F, G\, G2 € L P (R N ), for all p <E [1, 00]. On the other hand, from the Riesz-operator theory, 
the functions £ h-> £i£j/|£| 2 are L 9 -multipliers for any q £ (l,oo) and 1 < i,j < N. Since L c is also an 
L 9 -multiplier for any q £ (l,oo) (see [16J), from (|1.14p we conclude that 113 6 L 9 (R ), for all q € (l,oo). 
We turn now to the proof (|3.5[) . Using (| 1 . 14[) and the Hausdorff- Young inequality 

\\v\\lh*») <P 1/2p <r 1/29 II^IUp( R «), pe[l,2], g = j»/(p-l), 
with p = 4/3, and (|3.ip we obtain 

II W3|| ^4 ( R 2) < ||«3||l*/3(H 3 ) - 11 ^II^IU^R 2 ) + I|Gi||l1(R2) + - II G2 II H (R3)^ , (3-8) 

where we have used that £ 2 /|£| 2 < 1 and £i£ 2 /|£| 2 < (£1 + £f)/(2|£| 2 ) < 1/2 for the last inequality. 
On the other hand, since ||m3||l°=(rn) < 1/2, the inequality (|4.6p implies that 

2 

\\Gj\\ L i( R N ) < — ||w 3 || L ^ (R iv ) £ , (M). (3.9) 
From and (EU), since F = 2e(w)w 3 + cGi and 11(2 + 5/^3) < 54, follows. 
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Let us prove now (|3.6[) . By applying the Plancherel identity to (|1.14p and using Q3.2p and (13. 9p . we 
are led to 

||«3|Ua(R"5 < K(N) I ||F|| 2(2JV-1) +y^l|Gj|| 2(2JV-1) 

>< >< y ) ' y< >< L 2JV+3 (RJV) J " L 2N+3 (gw-jy 



< iHiV) II u 3 e(w) II 2 ( 2iv-i) 

L 2N + 3 



< if(A^)||ii 3 || i oo (R iv ) ||e(u)||^™ R « ) ||e(M)||2? ( R N 1 ) ) . 
which gives (|3.6p . □ 
Lemma 3.3. For all k £ N and p £ (l,oo], we frtwe u 3 ,V(x0) G W*' p (R iV '). 

Proof. By Propositions 11.41 and 11.51 it remains only to treat the case p £ (1,2). Differentiating (|1.15p 
and (|1.17p , we have 

JV 



d a u 3 = C c * d a F - cJ2^c,j * d a G 3 , 

3 = 1 

N N 

d a d 1 ( X 9) = cC Ctj * d a F -c 2 J2 Tcj,k * d a G k - Kj,k * d a G k , 



fc=l k=l 

for all a £ N N . The conclusion follows by observing that C C! j,T c ,j,k and 7Zj. k are L p -multipliers for all 
p £ (1, oo), that u 3 , V(x0), Vw € W k ' p (R N ) for all fc G N and p £ [2,oo) and using the Leibniz rule. □ 

Corollary 3.4. Let N > 2 and c £ [0,1). Then the function 9 is bounded on B(0,R) c and there exists 
9 £ R smc/i that 

9(x) -> 9, as \x\ -> oo. (3.10) 

Proo/. By Lemma 1331 V0 G LP(R N ), for all 1 < p < oo. Then there exists 9 £ R such that - G 

L^(R N ) (see e.g. [26j Theorem 4.5.9]). Since V0 G F°° (1^). we have 9 £ UC(R N ) and therefore 
(|3~TU|) follows. □ 

Proof of Provosition M .2\ For c = 0, we deduce from (|4.ip and (|4.2p that ||it3|| i 2( R N- ) = 0, so that u% = 0. 
Thus u = e ie on R N and using ((TW^) (see ([5T2])) we deduce that A0 = on R w . Therefore, by 
Corollarv l3.41 we obtain that 9 is a bounded harmonic function, which implies that it is constant and so 
that u is constant. □ 

4 Pohozaev identities 

We start establishing the following Pohozaev identities for QTW c p . For this purpose, we introduce the 
notation 

w k (v) = v ■ (div x d k v), k £ {2, . . . , N}. 

Proposition 4.1. Let u £ £(R N ) n C 2 (R N ) be a solution of QTWJ . Then there exists a sequence 
r n — > oo such that 



E{u) = / \d lU \ z dx, (4.1) 
Jr n 

E(u)= / \d k u\ 2 dx-c lim / x k w k (u)dx, for all fc G {2, . . . , N}. (4.2) 

Jr« r ™- > °° JS(0 : r„) 

Proof. Taking inner product between flTW c P and x k d k u, 1 < k < N, integrating by parts in the ball 
F(0, R) and using that u ■ d k u — 0, we obtain 

/ \dku\ 2 - \ [ \Vu\ 2 - f |^ • d k ux k + I \Vu\ 2 x k v k = 

JB(0,R) 1 JB(0,R) JdB(0,R) JdB(0,R) 

If o 1 



u 3 -~ u 3 x k i> k + c / x k w k (u), 

1 Jb(Q,R) 1 J 9B(0, i?) J B(0,R) 
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where v denotes the exterior normal of the ball B(0, R) and ^ = {Wu\-v, Vu2-v, Vu 3 -v). By Lemma lA.41 
there is a sequence r n — ¥ oo such that 

du f . 1 f 2 

— ■ o k ux k + / \vu\ XkVk + - I u 3 x k Vk 0, as n -t oo. 

9B(0,r„) °^ JdB(0,r n ) 1 JdB(0,r n ) 

Therefore 

E(u) = / |9fcu| 2 - c lim / x k w k (u), 

which completes the proof. □ 

Let us now discuss the definition of momentum in the two dimensional case. Formally, the first 
component of the vectorial momentum is given by (see |42| ) 

p(v) = - I x 2 W2(u)dx, 
Jr 2 

but it is not clear that this quantity is well-defined in £ (R 2 ). In general, it is a delicate task to define 
the momentum as a functional is the energy space. This difficulty also appears in the context of the 
Gross-Pitaevskii equation (see e.g. [H]). For the purpose of this paper, we will only define p for smooth 
solutions of flTW c | ). In fact, from Proposition 14. 11 there exists a sequence r n — > oo such that the limit 



lim / X2X2W2(u) dx, 



'B(0,r„ 

exists. Moreover, (|4.2p shows that this limit does not depend on the sequence r n and therefore we will 
define this quantity as the momentum 

p(u) = — lim / X2W2{u)dx. (4-3) 

r ^°° JB(0,r n ) 

With this notation we have the following consequence of Proposition 14.11 
Corollary 4.2. Let u e £(R 2 ) be a solution of t\TW c [ . Then 



u^dx = cp(u). (4.4) 
Proof. Writing 

/ uldx = 2E{u)- [ \dm\ 2 dx- [ \d 2 u\ 2 dx, 

JR 2 JR 2 JR 2 

since u £ C 2 (IR 2 ) by Proposition [O] the result is a direct consequence of Proposition 14. 11 □ 

In the case that u admits a global lifting, we obtain 
Lemma 4.3. Let u G £(R 2 ) n C 2 (R 2 ) such that \\u 3 \\ L oc^ < 1. Then 

p(u) = [ u^e, (4.5) 



where u\ + iu 2 = yl - u\e % ® . 
Proof. First we notice that 

lu3dl9] - d-IMi-^v- " (I-^W 71 ' (46) 

so that the integral in (14. 5p is well-defined in £(R 2 ). We notice that 

u ■ (diu x d 2 u) = u 3 g(digd 2 - d 2 gdi8) + g 2 (di9d 2 u 3 - d 2 9diu 3 ) = d 2 (u 3 di6) - di(u 3 d 2 0), 

where we have used that u 2 = 1 — g 2 for the last equality. Then, multiplying by x 2 , integrating by parts 
and using the definition of p(u), (|4.5p follows. □ 

From (|4.6p . we see that integral in (|4. 5[) is well-defined in £(R 2 ). Actually, integrating on M. N instead 
of R 2 , this expression provides a general definition of momentum, for functions that admit a global lifting, 
in any dimension. We will see this for N = 1 in Section [51 
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5 Properties of solutions satisfying ||w3||z°°( K ;v) < 1/2 

In this section we assume that u € £(R N ) n UC(R N ) is a nontrivial solution of jTW^) with c e (0, 1] and 

I|W3|U-(R«) < ^- (5.1) 

We have chosen 1/2 to simplify the estimates. The main assumption here is that ||w3||l=c(rn) < 1, which 
implies that u = ger on R . Hence we can recast JTW e D as 

div(£> 2 V6>) = cd lU3 , (5.2) 

- Ag+g\V6\ 2 = 2e(u)g-cu 3 gd 1 6 1 (5.3) 

- Au 3 = (2e(u) - l)u 3 + cg 2 d 1 6. (5.4) 

From these equations we obtain the following useful integral relations. 
Lemma 5.1. We have the following identities 

g 2 \V6\ 2 = c f usM, (5.5) 

|Vf>| 2 + / g 2 \V6\ 2 = 2( e(u)g 2 ~cf u^dtO, (5.6) 
R N JR N Jr n Jr n 

g\Vg\ 2 + 2( e(u)u 2 3 Q= [ gu 2 3 \V9\ 2 + c [ gu^B, (5.7) 

R N JR N JR N JR n 

|Vu 3 | 2 + / ul = 2 [ e(u)uj + c [ g 2 u 3 d 1 6. (5.8) 

R N JR N JR n JR n 



Proof. First we recall that by Lemma [A. 41 for any / e L 2 (R 2 ), there exists a sequence R n —> oo such 
that 

/ \f\ < (] Wm72 - ^ 

Now we multiply (|5.2p by 6 and integrate by parts on the ball B(0,R n ). Using the fact that u 3 ,V6 € 
L 2 (R N ) and u 3 . g, 9 E L ca (M. N ), we can choose R n as in (|5.9p such that the integrals on dB(0, R n ) go to 
zero and (|5.5[) follows. 

To obtain (jiT?) and (|5T5|) . we multiply by g, ([Q]l by u| and (j5"H) by u 3i and proceed in 

a similar way. □ 



The following result corresponds to the estimate (|E2|) in the case N > 3. 
Proposition 5.2. 

£(u)<3|K||£ w . (5.10) 
Proof. Let J = ||m3||l°°(k jv ) € [0, 1/2]. By the Cauchy-Schwarz inequality we have 

«sft*<(7 «lY(7 {jheA" <-^=(j „»Y(7 , 2 |w| 2 V. 

VJk™ / \Jr n / vl — \JR« J \Jrn J 

I P 2 m 2 <-^-f u 2 <U u 2 . (5.11) 

JR N 1 - 6 JR N 6 JR N 

On the other hand, from (|5.7[) and the Cauchy-Schwarz inequality, we obtain 

2y/T^P [ |Vg| 2 < -£== [ g 2 \W6\ 2 +c5 2 ( [ u 2 ) 2 ( [ g 2 \V9\ 2 Y . (5.12) 



IR N 

Thus from (153 



VT 3 ^ 2 

By combining (|5.1ip and (|5.12p , with <5 < 1/2, we are led to 



/ |Vp| 2 < ^ / ul (5.13) 
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From (|5.8p . using the Cauchy-Schwarz inequality, we have 

i 

(i-j 2 ) / (iv M3 i 2 +^)<<5 2 (7 ivpi 2 +/ p 2 mA + ([ uiYff , 2 iwi ; 

JR" \JE« JR« / \JE™ / \JR» 

so that, by ([STTTj) and {535]) , 

iv^Jifi^+ivriWiU »i<if ui ,5,4) 



3 " I "3' 

R N JR" 



3 \ 4 V18 3, 
Finally, by putting together (|5JT|l . ((5T3)) and (l5J4| . 

£(«) < U| + i + 3 ) / "3 < 3 / ul 

□ 

In the two-dimensional case, Corollary 14.21 allows us also to estimate the energy in terms of ||it3||i4( R 2). 
To this purpose, as remarked in [5], it is useful to study the norm of d\9 — CU3. 



Lemma 5.3. 

9 

\\diO - cu 3 \\ 2 L2(R2) + ||9 2 6'|||2 (R 2 ) < ^||u3|Il4 (R 2 
Proof. By adding (I4.4p and (15. 5p . we obtain 

/ ul+ [ £> 2 |V(9| 2 = 2c / usdxO. (5.15) 

JR 2 JR 2 JR 2 

Since |V6*| 2 = (did) 2 + (d 2 0) 2 , by defining the function cp = d\9 — CU3, we have d\0 = ip + 013 and then 
we recast (|5.15p as 



(l- M 2 )(^ 2 + (cW) + (l- C 2 ) / «3 = 2c/ + 1 

'■ Jm. 2 Jr 2 

Letting 5 = \\u3\\l<>°(m. 2 ) an d using that c G [0, 1], we conclude that 

(1 - 0(IMl£»(R») + \\d 2 6\\ 2 L2{R2) ) < 2||«| V j|| £ i (R a ) + ||u 3 ||i4 (Ra) . (5.16) 
For the first term in the r.h.s., we use the Holder inequality 

llulVlUMR 2 ) - 1 1 "3 1 1 z,~ (R») II "Ivll (»3 ) < s \\ul\\ L 2 {R2) \\if\\ L2{R2) . (5.17) 
Then (|5~TC)) . (|5TT7j) and the inequality ab < a 2 /4 + 6 2 imply that 

(1 - s 2 |Ml! 2(ffi2) + (1 - s 2 )\\d 2 e\\ 2 L2(R2) < (1 + J) WMiw 

Since (5 < 1/2, the conclusion follows. □ 
Lemma 5.4. 

II V£>|| | a(R2 ) < 6||u 3 ||l4 (K 2 3 . (5.18) 



(5.19) 



Proof. Since g = \/T— uf € [\/3/2, 1], from (|5.7p we have 

y/3 [ \Vg\ 2 + Vs[ e(u)u 2 < [ gu 2 {\V8\ 2 + 01138^). 

JR 2 JR 2 JR 2 

As in the proof of Lemma 15.31 we define tp = d\9 — CU3 so that 

|V6>| 2 + cu^e = <p 2 + 3cu 3 cp + 1c 2 u\ + (d 2 9) 2 . (5.20) 
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Since g < 1, |i*3| < 1 and c < 1, using (|5.20p and the Cauchy-Schwarz inequality, 

\gul(\V0\ 2 + CU 3 dl6)\ < ||^|||2 (R 2) +3||M 3 |li4 (R 2 ) |M| L 2 (R 2 ) + 2||u 3 j| 4 j4(R 2 ) + II^H^^) 
•IK 

< T h3|| 4 L 4 (K 2 ); (5.21) 

where we have used Lemma 15.31 for the last inequality. By combining f|5 . 19[) , (|5.2ip and the fact that 
35/(4\/3) < 6, we obtain ([BTT5]) . □ 



Finally we get estimate (IE2D for N = 2. 
Proposition 5.5. 

E{u) < lOHualli^). 

Proof. From (|5.6p we obtain 

2/ e(u)g 2 = [ \Vg\ 2 +( g 2 {\V 9\ 2 + cu^d) 



By using Lemma HT4l (|5.2ip and the fact that g 2 <E [3/4, 1], we conclude that 

59 

E{U) < -g-IMI^RS) < 1011^31^4^2). 

□ 

At this point we dispose of all the elements to prove our result, as was sketched in the introduction. 

Proof of Theorem \l.l[ By virtue of Propositions 11.41 and 11.51 we can fix e$ > such that if E(u) < Sq, 
then ll^sll^oo^N) < 1/2 and || Vit||£°°(mJV) is uniformly bounded. Then Propositions 13 . 21 [5T21 and [5T51 imply 
that 

E(u) < lOHualli^*) < 10(54) 4 £(u) 4 , if N = 2, (5.22) 

and 

E(u)<3\\u 3 \\ 2 L2(RN) <KE{u)^, ifiVe{3,4}. (5.23) 

Thus, since u is nonconstant, E(u) > and we can divide by E(u). Therefore, from (|5.22p and (I5.23P we 
conclude that K < E(u), for some constant K > 0. Taking /1 = minjeo, K}, the proof is complete. □ 

6 The one-dimensional case 

In this section we consider the case N = 1. Then equation flTW e | ) is integrable and the solutions can be 
computed explicitly as was noticed in [38l |4TJ [46] . More precisely, we have 

Proposition 6.1. Let N = 1, c > and u £ £(R) be solution of flTW c p . 

(i) If c > 1, then u is a trivial solution. 

(ii) 7/0 < c < 1 and u is nontrivial, then, up to invariances, u is given by 



ui = cscch(\/ 1 — c 2 x), (6.1) 
U2 = tanh(\/i — c 2 x), (6-2) 
U3 = \J\ — c 2 sech(y/ 1 — c 2 x). (6.3) 



(m) 7/0 < c < 1, we can write 



whe 



u= Jl-ujexpiie), (6.4) 



/ sinh(v / l — c 2 x) \ 
arctan ^ '- . (6.5) 
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Proof. We first remark that since N = 1, it is simply to verify that u is smooth and then the condition 
u G £(M.) implies that v! and 113 vanish at infinity. Let us write QTW C | ) in coordinates 

— u'{ — 2e(u)ui + c(u2u' 3 — M3U2), (6-6) 

— u 2 — 2e(u)u2 + 0(7x3% — M1U3), (6-7) 

—u 3 = 2e(u)u3 — u 3 + c{u\u' 2 — U2u' 1 ). (6-8) 

Also, as in (|l.lip . we have 

{uiu' 2 — u\u2Y = cu 3- (6-9) 

Integrating (|6.9p . we obtain 

Uiu' 2 — u\u2 — CU 3 . (6.10) 

Then, replacing (|6.9[) in (|6.8p . we get 

u'l + 2e{u)u 3 - (1 - c 2 )u 3 = 0. (6.11) 
Now, multiplying (|6.6p . (|6.7p . (|6.1ip by u' l7 u' 2 ,u' 3 , respectively, adding these relations and using again 

(| U '| 2 )' = 2e{u){u\ +ul + ujy - (uly. (6.12) 
Since (u\ + u 2 + u 3 )' — (\u\ 2 )' — 0, integrating (|6.12p we conclude that 



,'|2 



'3) 



(6.13) 



so that e(u) = u 3 and equation (|6.1ip reduces to 



u 3 - 2ul - (1 - c 2 )u 3 = 0. (6.14) 

As before, multiplying (|6.14p by u' 3 and integrating, we conclude that 

(u' 3 f=uU(l-c 2 )-ul). (6.15) 

If 113 is identically zero, (|6.13p implies that u is a trivial solution. Therefore, we suppose from now on 
that M3 not identically zero. Since equation (|6.14p is invariant under translation, we can assume that 

|u 3 (0)| = max{|u 3 (ai)| : x e K} > 0. 

Therefore 

4(0) = 0, (6.16) 

and from (|6T5)) and (|6T6)) . uj(0) = 1 - c 2 . In particular we deduce that if c > 1, U3 = 0, which implies 
that ui and 1*2 are constant, which completes the proof of (i). If < c < 1, by the Cauchy-Lipschitz 
theorem, equation (|6. 14|) with initial conditions (|6.16p and u 3 (0) = yjl — c 2 or ^3(0) = — VI — c 2 has a 
unique maximal solution. It is straightforward to check that 



«3 



(x) = ±V1 - c 2 sech(\/l - c 2 ir) (6.17) 



is the desired solution. Moreover, (|6.17p shows that ||w3||l°=(e) < 1 if c € (0, 1). Hence, for c 6 (0, 1), we 
can write u = (1 — u|) 1 / 2 e ze , and then (|6.9p yields 



CM3 



(6.18) 



From (|S7T7|) and (|fTT5|) . we are led to 



arctan 



-iinh(Vl — c 2 x) 



for some constant 80 €E M, which proves (|6.4l) - (|6.5p . Using some standard identities for trigonometric and 
hyperbolic functions, we also obtain (|6.ip - (l6.3p . for c g (0, 1). It only remains to show that for c = 0, 
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(|6.ip and (|6.2p are the unique solutions of (|6.6p - (|6.8[) . Indeed, since e(u)(x) = u 2 (x) — sech 2 (x), we 
recast (|6.ip and (|6.2p as 

-u" = 2sech 2 (x)u, (6.19) 
and from (|6.13p we can assume that, up to a multiplication by a complex number of modulus one, 

fl'(O) = 1. (6.20) 

Then the Cauchy-Lipschitz theorem provides the existence of a unique solution of (|6.19|l - (j6.20|) in a 
neighborhood of x = 0, and it is immediate to check that u(x) — tanh(x) is the solution, which concludes 
the proof. □ 

In the one-dimensional case, the momentum is formally given by 

u 3 (uiu' 2 - u 2 u' 1 ) 

^4 ' 



p(u) -- 

If ||u3||ioo(R) < 1, we see that 

p(u) = I u 3 9', 
Jm 

and therefore it agrees with the corresponding expression in dimension two. 

Corollary 6.2. Assume that c £ [0, 1) and let u G £ (M) be a nontrivial solution of ( |TW e p . Then 



E{u) = 2y/l - c 2 . (6.21) 

Moreover, 



p(u) = I u 3 6' = 2arctan f — — ] , force (0,1). (6.22) 



c 

7n particular, we can write explicitly E as a function of p as 



£(p) = 2sinfj) (6.23) 



and 



dE 

cos 



dp 



(I) = C ' ( 6 - 24 ) 



/or ce (0,1). 

Proof. Using (|6.3p and (|6.13p . we have 

E{u) = I u% = \/l-c 2 I sech 2 {x)dx = 2^/l 
Jr Jr 

For the momentum, (|6.18p yields 



sech 2 (Vl — c 2 x) 
l-t«3 " ' Jr 1- (1 - c 2 )sech 2 ( v / T 3 cV)' 



p (U ) = / ^ = c / ^ = C (i - c 2 ) / , ,/ „: v , dx. 



Then, using the change of variables y — v/1 e ° 2 tanh(\/l — c 2 x), we obtain (|6.22p . from where we deduce 
that 

c2 = tan^2) + l =C ° a2 ^- (6 ' 25) 
Finally, from (|6.2ip and (|6.25p . we establish (|6.23p . from where (|6.24p is an immediate consequence. □ 

Proposition 11.31 follows from Proposition 16.11 and Corollary 
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7 Decay at infinity 

In this section we provide a sketch the proof of Theorem 11.61 The first step is to obtain some algebraic 
decay at infinity of the solutions of QTW C | ). This can be achieved following an argument of [3]. 

Proposition 7.1. Assume that c e (0, 1). Let u £ £(M. N ) be a solution of QTW C | ). Suppose further that 
u G UC(M. N ) if N > 3. Then there exist constants Ri, a > such that for all R > R\, 



B(0,R)<= 



e(u) < 



R 



B(0,fli) 



e{u). 



(7.1) 



an r , p 



(7.2) 



Proof. By Corollary 12.51 there exists R > such that equations (|5.2|| - (|5.4|) hold on _B(0,i? o ) c - Let 
p > r > R and 

Qr, P = {r < \x\ < p}. 

Multiplying (|5.2p by 9 — # r , with 9 r — jgjfi Jg B 9, an d integrating by parts, we get 

>+ I (e - 6 r )g 2 d u e - c [ {e-e r )uzv u 

where v denotes the outward normal to £l r , p . 

We recall that the Poincare inequality for dB r reads 

/ (9~e r f<r 2 l Y r (->\' 2 - 

JdB r 

Then we obtain 



g 2 W9 2 =c u 3 dit 



(9 - 9 r )g 2 dJ 



dB r 



<r\ I |V0|' 

'dB r 



1/2 



\pV9[ 



SB,. 



1/2 



< 



VT^JOBr 



\pV9f 



where S = ||u3||l=°(b c )- Similarly using also the inequality ab < a 2 / 2 + b 2 /2, 



{9 - 9 r )u-$v\ 



< 



: / e(u) and / 

JdB r JE 



u 3 di 



< 



1 



On the other hand, by Lemma |3~31 and Corollarv l3.4[ 

(9 - 9 r ) e 2 d v 9, (9 - 9 r )u 3Vl e L 2 (B(0, R Q ) C ). 
Then by Lemma lA. 41 we conclude that there exists a sequence p„ — > oo such that 



e(u). 



9 r )g 2 d v 9 -> and 



~)u 3 v\ — » 0. 



(7.3) 



Therefore, taking p = p n , using (|7.2p - (17.3p and the dominated convergence theorem we conclude that 

c f , v 3r 



g 2 V<9 2 < 



e(u) 



e(u) 



as,. 



In the same way, multiplying (|5.4p by M3, integrating by parts on the set £l r ,p n , for a suitable sequence 
p~ n — > co, we are led to 



(|Vu 3 | 2 + ujj) < (25 2 +c) / e(u)+ / e(u). 

B£ JB' ,/9B r 



Since c < 1, we can choose r large enough such that 



2<5 2 +c 1 



2(1 -S 2 ) 



1 



VT^s 2 



< 1. 
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Therefore, noticing that 



e{u) < 2(1 _^ 2) (|v M3 | 2 + g 2 \ve\ 2 + u |), 



we conclude that there exists a constant K(5, c) > such that 



e(u) < K(S,c)r / e(u). (7.4) 

JdB r 



Since 

d 



dr 

we can integrate inequality (17. 4p to conclude that 



e ( M ) = - / e ( u ), 



e(u) < y—J / e(u), for all i? > r, 



which completes the proof. □ 
Corollary 7.2. Under the hypotheses and notations of Provosition PTTTl we /lave 

MM«)^W and |- \f>(\F\ + \G 1 \ + --- + \G N \)eL 1 (R N ), 

for all j3 G [0,a). 

Proof. Since u G C°°(R ), the fact that | • \ "e(u) G i 1 (R A ') is a direct consequence of Proposition 17.11 
(see e.g. [HI Proposition 28]). On the other hand, we take R large enough such that ||u3||loo( B c^ < 1/2. 
Then using that |u 3 | < 1, IpT?]) and we deduce that for all j G {1, . . . , N}, 

\F\ + \Gj\ < 2e(«) + |u&0| + \uld 3 9\ < K < f 2 + A) e(u)) 



2 " V V3, 

and then the conclusion follows. □ 

The properties of the kernels appearing in equations (|1.15|) and (| 1 . 1 7[) has been extensively studied 
in [TB]. Indeed, using the sets 



M k (R N ) = {/ : M. N -> C : sup |/(x)| < oo}, k G N, 
M(R JV ) = {/ G C°°(R N \ {0}; C) : D k f G M k (R N ) n M*H-a(R*)> for all fc G n}, 
it is proved that 

D n C c ,D n C CJ ,D n T CJ ,k € M Q +n(R*), for all 1 < j, fc < JV, n G N, a e {N - 2,N], (7.5) 
and also that 

£c,£cj,%jj t €M(R N ). (7.6) 

Similar results hold for the composed Riesz kernels 7Zj t k- By combining these results with Corollarv l7.21 
equations (|1 . 1 5[) and (| 1 . 17(1 allow us to obtain the following algebraic decay. 

Lemma 7.3. For any n G N, 

u s ,D n (V(xO)),D n (Vu) G M N (R N ) and D n u 3 G M N+1 {R N ). 
Proof. In view of Corollary [7^1 the proof follows using the same arguments in [THl Theorem 11]. □ 
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Proposition 7.4. Let N > 2 and c £ (0, 1). Assume that u 6 £ (R ) is a solution of ( |TW C [ ). Suppose 
further that u £ UC(R N ) if N > 3. TTien £/iere exisi constants R(u), K(c,u) > smc/i i/ia£ 



KM -|V^t,-)| V„,)|<^^, (7.7) 



|V« 3 (»)| + \D*0(x)\ + \D'u(x)\ < 1 - , (7.8) 

\D*u 3 (x)\ < ^fe^, (7.9) 



for all x £ B(0,R(u)) c 



Proof. Inequality (|7. 7[) and the estimate for Vit3 in (|7.8p are particular cases of Lemma 17.31 A sightly 
improvement of Lemma 17.31 is necessary for the decay of the second derivatives in ([7.8)1 and (|7.9p . This 
can be done by following the lines in [171 Theorem 6], which completes the proof. □ 

The pointwise convergence at infinity follows from general arguments in |17j . valid for all functions 
satisfying (|7.6p . 

Lemma 7.5 ( [1 TJ ) . Assume that T is a tempered distribution whose Fourier transform T — P/Q is a 
rational fraction which belongs to .M(R ) and such that Q ^ on M. N \ {0}. Then there exists a function 
Too G L°°(E> N - l ;C) such that 

R N T(Ra) T^cr), as R -> oo, for all a £ % n ~ x . 

Moreover, assume that f £ C°°(R N ) D L°°(R N ) D M 2 n{^ N )- Then g = T*f satisfies 

R N g{Ro) -> T^a) / f(x) dx, as R -> oo, for all a G S 1 

Jr n 



3 n-i 



Roughly speaking, it only remains to pass to the limit in the terms associated to the Riesz kernels 
IZij. For this purpose, we also recall the following. 

Lemma 7.6 ([II]). Assume that f £ C 00 (R N )nL 00 (R N )riM 2 N(R N ) with V/ £ L°°(M. N )r)M2N+i(SL N )- 
Then g = 7Zj,k * / satisfies for all j, k £ {1, . . . , N}, 



N-l 



R N g{Ra) -> {2tt)~%T ( — ) (5 jlk ~ Naja k ) [ f(x) dx, as R -> 00, for all a £ § 

Finally, we have all the elements to provide the sketch of the proof of Theorem 11.61 

Proof of Theorem ] l.b\ In view of (|1.15p . (|7.6p and Lemma 17.31 we can apply Lemma l7.5l to the function 
U3 to conclude that there exists U3 i00 £ L°°(S N ~ 1 ; R) such that 

R N u 3 (Ra) -> u 3:00 (cr), asi?^oo, for all a € S^ -1 , (7.10) 

where 

N 



W3,oo(cr) =C c ,aa{o) / F - C ^ £ c ,j,oo (<?) / Gj , (7-11) 



for some functions £ Cj0O , C c ,j,oo- Moreover, adapting |18l Proposition 2], we obtain 



2 7 rf(l- C 2 + c 2 (T 2)f V * ' ' l- C 2 + cV? 

which gives (jl.27p . 



(7.12) 
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Now we turn to equation (|1.17[) . Proceeding as before and using also Lemma 17.61 we infer that there 
exist functions 6^ G L 00 (S N - 1 ; R), j G {1, . . . , N} such that 

R N d 3 9(Ra) 6»^(cr), as R -> oo, (7.13) 

for all j G {1, ... , N}, and also that 9^ is given by 

= c£ cdt00 (a) [ F-J2 \c 2 T^. k .oo{a) + I -Mr(^.k - Na j( r k ) ) [ G k . (7.14) 
JM N V 2n 2 / J r n 



k=l 



As before, adapting |18l Proposition 2] we have 



T c ,j,k,oo — jv (1 c ) - , _ .> o , a: , , , , ., , 

27r 2 c ^ y \ (1 - cJ + c/a() 2 (1 - c 1 + c 2 af) 2 

-5j t k + N(j a k 

At this stage, we invoke Corollary 13.41 and suppose that 9 = 0. Then by [T7] Lemma 10], 

N 



(7.15) 



Re(Ra)^0 oo (a) = -—^—^^2a j 6i o , as i? -> 00. (7.16) 



3=1 

A further analysis shows that the convergence in (|7.10[) and (|7.16p are uniform, which implies that 



R"- L (u(Ru) - 1) = i? iv - x I y 1 - u§(i?cr) exp(z6>(i?a)) - 1 \ -> ^(a), in i 00 ^" 1 ). 

By combining with the expression for 9^ above, (11.24p follows with Aoo = 1 and = 9^ , provided that 
9 = 0. Moreover, using (f7TT]) - (f7TTB]) and that 

f - (7] _ r^^-pa-^)^ 

^ ' X 2 7 rf(l- C 2 + C 2 (J 2)f ' 

~[ 27T 2 c 2 y (1 - cJ + c 2 cr() 2 y 

we obtain (|1.26p . 

In the case that 9 ^ 0, it is enough to redefine the function G in (|1.7p as 

G = uiVu 2 - u 2 Vui - V(x(0 - 0)), 

since then we can establish an equation such as (11.171) for dj(\(9 — §))■ Since 9(x) — 9 — > 0, as x — » 00, 
we conclude as before that there exists 6*oo G i 00 (§ Ar_1 ; R) such that 



R*- 1 Jl - uj(Ra) exp(i(9{Rcr) - 9) - 1 ) -> i0ooO), in L 00 ^- 1 ) 



Since — u\{Rcr) exp(i(9(Ra) — 9) = u(Rcr) exp(—i9), taking = exp(i#), we conclude that 

R N - 1 (ii(Ra) - A,,,) -> zAoofloo, in L 00 ^" 1 ), 
which completes the proof of Theorem 11.61 □ 

Acknowledgments. The author is grateful to N. Papanicolaou and S. Komineas for interesting and 
helpful discussions. 
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Appendix 



For the convenience of the reader we recall some well-known results used in this paper. We assume fi to 
be a smooth open bounded domain of K . 

Theorem A.l ( |47L I3"2"]l. Let u e suc/i </ta< Aw = on D'(Q). T/ien t/iere are constants 

< a < 1, a = a(N), and K > smc/i t/iat if x £ and < p < r < dist(x,£l), 

„ , r p\ a IMIl2(b,.) 

osc u < K - 1 



„W/2 



Moreover, if N = 2, i/ien 



:«< JfOnCp/rJJ-^HVttll^cB,), 
for some K > 0. 



OSC'i 

Bo 



Theorem A. 2 (07]). Leip > iV/2 and / £ 1^(0). Assume that u e Hq(Q,) is solution of — Au = f, in 
O. Then u is Holder continuous in tt. Moreover, for p > 0, there exists a constant K(p) such that 

osc : u < K(p)\\f\\ LPm . 
±> rii i 



Lemma A. 3. Let f 6 L (R ). TTien /or every e > f/iere exists a constant K(e) such that f = fi+ /a 
a.e. on M and 

II/2||li(r«) < e, II/i||l~(r«) < 

Proof. Let 

'fc, if/>fc, 
h,k = I f, if |/| < fc, 
-k, i£f<-k. 



and / 2 ,fe = / - /it. Then 



|/2,Jk|| £ i(R*) < 2 / |/|. (A.l) 

*/{|/l>*} 



Since 



|{|/l>fc}|=/ l<l\\fh^) ->0, asfc^oo, 
^{l/l^fc} fc 



invoking the dominated convergence theorem and (|A.1[) . we conclude that ||/2,/c||li(r«) — > 0, as fc — > og 
and the conclusion follows. □ 

Lemma A. 4. Let N > 1. Assume that f g L p (B(0, Rq) c ), for some Ro > and p g [1, oo). TTien i/iere 
exists a sequence R n — > oo suc/i £/ia£ /or aH s € [0, iV/p — + 1] we /lave 

JdB(0,R n ) {unR n )P 

for some constant K(p,N) > 0. 
Proof. Since / € L"(B(Q, R ) c ), 

I/I" dr < oo, 



'flo \J3S(0,r) 

and thus there is a sequence R n — > oo, as n — > oo, such that 

1 



|/|P < 

dB(Q,R n ) Rn \n(R n 



Then, using the Holder inequality we obtain 



/ |/| < (K(N)R^ 1 ) 

JdBtO.Rr.) 



N-l\l-l/p _ 



ldB(0,R n ) " (i?„lni?„)i/ P ' 

from where the result follows. □ 
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Lemma A.5. Let c > and u € C°° (R N ) n UC(R N ) &e a solution of fTWcl ). issume tfiai 

osc it < — r; -, (A. 2) 

fl(„,r) " 8(1 + C)(2 S + 1)' V 7 

/or some y £ M. , r > and s > 1. Then 

[ |Vu| 2 ( s+1 ) <4(l + c) 2 (l + ^r) [ |Vu| 2s . (A.3) 

JB(y,r/2) \ r J J B (y,r) 

Proof. The ideas of the proof are based on classical computations for elliptic equations with quadratic 
growth (see e.g. [551 [51 [50]). Therefore we only provide the main ideas, in order to show the dependence 
on u, c, s and N as stated. We set B r = B(y, r) and r\ £ C^°(B r ) a function such that < r\ < 1, 

4 

|V»7| < - on B r and rj = 1 on B r / 2 . (A. 4) 



r 

2 



Finally, we fix w — |Vu|~, which is smooth by hypothesis, so that 

\Vw\ < 2w 1/2 \D 2 u\. (A.5) 

We now divide the computations in several steps. 
Step 1. If osc B r u < 1/4, we have 



[ v 2 w s+1 <2oscu( [ \V v \ 2 w s + ^±1 [ r) 2 \D 2 u\w s -> 

J B r B r \J B r 2 J B 



Indeed, since 

rj*w s+1 = I rfw s V(u-u(y))-Vu, 



integrating by parts and using (|A.5[) . we deduce that 



J 7] 2 w s+1 < oscu ^2 J t 1 \Vt 1 \w s+1/2 + (2s + 1) J n 2 \D 2 u\w s ^j . (A.6) 

Using the elementary inequalities 2a6 < a 2 + b 2 and ah < a 2 + b 2 /4 in the first and second integrals in 
the r.h.s. of (|A.6[) . we obtain 

2„„s+l / ™„„ ( f IV7„|2„,. S , (2S + 1) f „2 ]n 2>s-l 



(l-2oscw) / ri 2 w s+i < oscw / \Vr]\ 2 w s + - — — / r] 2 \D 2 u\w 

B >' JB T B >' \JB r 4 J B 

Since oscs r u < 1/4, we conclude Step[TJ 
Step 2. We have 

N 



■O k urj 2 w s x . 



\ \ r?\D 2 u\ 2 w s - x < 2 f \V V \ 2 w s -^T[ 8 k (Au)-d k 
Let k G {1, . . . , N} and <pk = rj 1 w s ~ 1 dkU G C^°(B r ). On one hand, integrating by parts, 

V / d 2 k u ■ drfu = - f d k (Au) ■ cf> k . (A.7) 

JB r JB r 



3 = 1 

On the other hand, using that 

djW = 2^2 d k u ■ d 2 k u, 



N 



k=l 
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and developing the term dj(f>k, 

N „ N 



[ d%u-d j( f> k =f 7 1 2 \D 2 u\ 2 w s - 1 +2 ]T ( ndjnw^d, 



s-1 



' k u ■ d 2 k u 

3,k^" Dr (Ai 



Then the conclusion of this step follows combining (jA.7|) and (|A.8|1 , noticing that the last integral in the 
r.h.s. of (|A.8[) is nonnegative, and that 



2 \r)djT]w s - l d%u-d k u\ < 2 ^ i]\d 2 k u\w^ ■ ^^Wdk^w 1 ^ < ^f\D 2 u\ 2 w s - 1 +2\\7r 1 \ 2 w s . 

j,k—l j,k—l 

Step 3. For all S > 0, we have 

N 

\djAu ■ d jU \ < S(c + l)\D 2 u\ 2 + (c + ~ + 4) w + (1 + c)w 2 . 

3 = 1 

Using flTWeD and the fact that |u| = 1, it is simple to check that 

N 

\djAu ■ d jU \ < 2w\D 2 u\ + w 2 + 4w + 2cw 3/2 + 2c\D 2 u\w 1/2 . 

By combining with the fact that 2ab < Sa 2 + <5 _1 6 2 , for all S > 0, we finish Step [31 
Step 4. 



rf^u^w 3 - 1 < 2 / |Vf?| : V + (4c 2 + 5c + 4) / rfw s + {c + l)l n 2 w s 

B r JB T J B r J B r 



Step S] follows immediately from Steps [5] and [3J taking S = (4(c + 1)) . 

Now we are in position to finish the proof of Lemma lA.51 In fact, by combining Steps [T] and 21 we are 
led to 

(l-4(c+l)(2s + l)oscu) / n 2 w s+1 < 2oscu ( (8s + 5) / \Wr]\ 2 w s + 



B, 



2(4c 2 + 5c + 4)(2s + l) / rfw 1 

Also, we see that (|A.2[) implies that 



and that 



1/2 < (l-4(c+l)(2s + l)oscw), 

, 9 w v , 2(4c 2 + 5c + 4) , 0s 
2oscw-max{8s + 5,2(4c 2 + 5c + 4)(2s + l)} < --— — - < 2(1 + c 2 ). 



B r 4(1 +c) 

By combining with (|A.4[) . we conclude (IA.3I) . □ 
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